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Motivating non-standard probability / expected utility in the precise case 
Three approaches and two old challenges 

 
  
Approach #1 – Full Conditional Probability (Dubins, 1975) / Expected Utility 

  

Approach #2 – Lexicographic Probability / Lex. Expected Value  (Blume et al., 1991) 

  

Approach #3 – Non-standard Probability / Expected Utility  

 based on non-Archimedean Extensive Measurement (Narens, 1974) 
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Challenge (1) Inference – satisfy symmetry of relevance/irrelevance relations. 

P(A | B) = P(A) if and only if P(B | A) = P(B) 

Relating to IP theory, see F. Cozman’s research, (2012), … 

• Subsidiary challenge – satisfy the (statistical) Sufficiency Principle.  

Defn.: Let g(X) = Y.   

Y is a sufficient summary of X with respect to quantity Z provided that  

P( X | Y, Z ) = P( X | Y ), independent of Z. 

• Sufficiency Principle:  Sufficient Y preserves all the relevant evidence in X about Z. 

P( Z | Y ) = P( Z | X ). 
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Challenge (2) Decisions – admissibility / strict coherence in (finite) partitions  

Wald, 1950  /  Shimony, 1955  

              
Choices are coherent when they respect dominance in outcomes relative to a 
privileged partition (by states) W = {w1, w2, … }. 
 
Consider a pair of acts where each Act can be formulated as a function  

from the partition W to a set of outcomes O, here taken to be reals. 

w1  w2  w3 … wn … 

Act1          o1,1  o1,2  o1,3 … o1,n   … 

Act2          o2,1  o2,2  o2,3 … o2,n   …  

 
• Assume no moral hazard. 

• Assume outcomes may be compared by preference within the same state. 
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Three dominance principles 

• Uniform dominance (for infinite partitions):   

There is a positive amount e > 0, and for each state wi    

o2,i is strictly preferred to o1,i by at least e. 
 

• Simple dominance:  For each state wi  

outcome o2,i is strictly preferred to outcome  o1,i. 

• Strict dominance (Shimony, 1955); Admissibility (Wald, 1950): 

For each state, wi  o2,i is weakly preferred to o1,i  

and  for some state, wj  o2,j is strictly preferred to o1,j.  
 

• Dominance Principle:  Act2 is strictly preferred to Act1:  

whenever Act2 is available for choice, Act1 is inadmissible.  
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Continuing Example 

          W = {w1, w2, w3, w4}       P( × )  =     Decision Problem 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
  

 A Ac 

B .5 .5 

Bc 0. 0. 

 A Ac 

d1 1 0 

d2 0 1 

 A Ac 

B w1 w2 

Bc w3 w4 
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Approach #1 – Full Conditional Probability Distributions 

C-1   P( × | E ) is a well defined (f.a.) probability whenever E ¹ Æ  
    with P( E | E ) = 1 
C-2    P( FG | H ) = P( F | GH ) × P( G | H )     whenever GH ¹ Æ. 
 

Asymmetry of the P( × | × ) relevance relation 
         P(A) = P(Ac) = .50     P(B) = 1.0      P(Bc) = 0.0  

So,   P(A | B)  =  P(Ac | B) = .50  
Stipulate:        P(A | Bc) = .75  ¹  P(Ac | Bc) = .25.    

  Just So Story: a fair coin is flipped and lands either A: Heads, or Ac Tails 
B:  the coin lands {H, T} in the ordinary way, or 
Bc: the coin first rests on its edge, spins, and then falls {H, T}. 

Thus,  {B, Bc} is relevant to {A, Ac}.  
 

But     P(B) = P( B | A ) = P( B | Ac ) = 1   

and              P(Bc) = P ( Bc | A ) = P( Bc | Ac ) = 0.  

Thus,   {A, Ac} is irrelevant to {B, Bc}.  
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Failure of Sufficiency 

In the continuing example,  

W (a constant) is a sufficient reduction of {B, Bc} with respect to {A, Ac} 

because   

    P( B | W Ç A ) = P(B | W) = P(B)   

and    P( B | W Ç Ac) = P(B | W) = P(B),  independent of {A, Ac}. 

  

But {B, Bc} is relevant to {A, Ac}, given the sufficient statistic W.  

We see that, contrary to the Sufficiency Principle:  

The sufficient statistic W does not preserve all the relevant 

information in {B, Bc} with respect to {A, Ac}. 
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Problems with admissibility 
 

Expected (real) value E(×) 
Because P(A) = P(Ac) = .50  
the two choices d1 and d2 are indifferent,  
with expected values E(d1) = E(d2) = .50. 
     
 
But, d2 is inadmissible in the partition {B, Bc}. 
 
Conditional Expected Value  E( × | × )        
 
 
 
 
 

• Neither challenge is met in Approach 1! 

 A Ac 

d1 1 0 

d2 0 1 

 E(× | B) E(× | Bc) 

d1 .5 .75 

d2 .5 .25 
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Approach #2 

Lexicographic probability P®  based on tiers from a full conditional probability P(× | × ) 
Blume (1991), Fishburn and LaValle (1998), Hausner (1954), Levi (1980), … 

 
Basics – for denumerable W with a countably additive P( × | × ). 

Atoms wi and wj belong to the same tier t provided that   0 < P( wi | {wi, wj} ) < 1. 
 

Tiers are linearly ordered by the following relation:  
An atom belongs to a tier with a larger index if it is null  
relative to an atom that belongs to a tier with lower index. 

 
With finitely many tiers, say k of them, then the tiers are well ordered. 

 
Defns:  The lexicographic (countably additive) probability   

P®  =  < P1, …., Pj, …, Pk>,  where Pj = P( × | tj).  
The P®  lex. prob. strict order between two events is fixed by the  

first tier where they differ in probability.  
    The P® lex. prob. expected utility strict order between decisions is fixed by the  

first tier where they differ in expected utility 
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Continuing Example: 

 

The full conditional prob P( × | × ) fixes 2 tiers:      

t1 = {w1, w2} and t2 = {w3, w4}. 

        P1(w1) = P1(w2) = .50: P1(w3) = P1(w4) = 0.0. 

        P2(w1) = P2(w2) = 0.0: P2(w3)=.75 and P2(w4)=.25. 

So,       event A is strictly more P® lex. probable than event Ac. 

 

 

Then,   decision d1 is strictly preferred to decision d2,    

under the P® lex. prob. expected utility strict order.  

 

• Admissibility is satisfied. 

 A Ac 

B w1 w2 

Bc w3 w4 

 A Ac 

d1 1 0 

d2 0 1 
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• But, P® has an asymmetric irrelevance relation. 

         P® ( A | B) = P1(A) = .50 = P® ( Ac | B) = P1(Ac)   

P® ( A | Bc) = P2(A) = .75 > P® (Ac | Bc) = P2(Ac) = .25. 

Hence, {B, Bc} is P®-relevant to {A, Ac}  

But    P® ( B | A) =  <P1( B | A), P2(B | A)>   
   =  < 1, 0 >  

                                           =  <P1( B | Ac), P2(B | Ac) >   
   = P® ( B | Ac) 
   = P® ( B ) 

Therefore, {A, Ac} is P®-irrelevant to {B, Bc}. 

Also, P® fails the Sufficiency principle. 

Under P® , W is a sufficient reduction of {B, Bc} with respect to {A, Ac} because   

P®( B | W Ç A ) = P® (B | W) = P® (B)   and   

P® ( B | W Ç Ac) = P® (B | W) = P® (B)    independent of {A, Ac}. 



Motivating	Non-standard	IP	theory	–	Columbia	Univ.	Workshop,	April	8,	2017	 13	

Approach #3 
Radically elementary – non-standard probability based on extensive measurement. 

 
First, consider a non-standard probability *P to replace the full conditional P(× | × ) 
and the lexicographic P®.    Later, I will sketch the measurement theory (aka the 
representation theorem) that makes *P operational. 
 
Let e be a positive infinitesimal Define *P(×)  as follows:  

Then      *P(A) = (2+e)/4  > *P(A | B)  =  1/2  
               *P(A) < *P(A | Bc) = 3/4.   
So {B, Bc} is *P-relevant to {A, Ac}. 
 
Also  *P(B) = 1-e  >  *P(B |A) = (2-2e)/(2+e) 
        *P(B)  < *P(B | Ac) = (2-2e)/(2-e).   
So {A, Ac} is *P-relevant to {B, Bc}.   

Thus, A and B are *P-negatively correlated. 
*P has a symmetric relevance relation. 

 A Ac 

B (1-e)/2 (1-e)/2 

Bc 3e/4 e/4 
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 The Decision Problem       *P(×) 
 

     

 

 

 

 

 

The *P expected value of d1 = (2+e)/4 = *P(A) 

The *P expected value of d2 = (2-e)/4  = *P(Ac),   

which is less than the *P-expected value of d1. 

So, *P satisfies Admissibility. 

*P meets both challenges! 
             

 A Ac 

d1 1 0 

d2 0 1 

 A Ac 

B (1-e)/2 (1-e)/2 

Bc 3e/4 e/4 
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Extensive Structures 

A Closed Archimedean Extensive Structure [CAES] provides  

a (positive) real-valued, scalar representation of a binary relation  

that is additive in a concatenation operation.   

 

Summarize that theory as follows. 

Let D = {d1, d2, … } be a domain of objects.   

Let Å be a concatenation function from D ´ D ® D,  

an operation on pair of objects.   

Finally, let ≽ be a binary relation on D ´ D. 
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Five axioms for a CAES are these: 

Axiom1:  ≽ is a transitive, complete weak order,  

with symmetric ≈, and asymmetric ≻	parts.  

Axiom2 (Cancellation):  d1	≽ d2  iff  d1 Å d3 ≽ d2 Å d3. 

Axiom3 (Associativity and Commutivity):     d1 Å (d2 Å d3) ≈ (d2 Å d1) Å d3. 

Axiom4 (Positivity):   d1 Å d2 ≻ d1. 

Let nd = d Å d Å…Å d with n-1 concatenations. 

Axiom5 (Archimedes): If d2 ≻ d1, and given d3 and d4, there exists integer n such that  

     [nd2] Å d3  ≽  [nd1 ] Å d4. 

Theorem1 [See KLST] Given a CAES, there exists a positive, real-valued function  

g: D ® Â+ where g(d1) ³ g(d2) iff  d1	≽ d2 

           g(d1 Å d2)  = g(d1) + g(d2) 
and     g is unique up to scalars,   g¢ = ag  (for a > 0). 
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We call a system that satisfies all but the Archimedean Axiom 5 a  

Radically Elementary Closed Extensive Structure [RECES]. 

 

Theorem2 [See Narens, 2] Given a RECES, there exists a positive, non-standard *Â+ 

valued function  *g: D ® *Â+ where   

      *g(d1) ³ *g(d2)  iff  d1	≽ d2 

      *g(d1 Å d2)  = *g(d1) + *g(d2). 
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Regular Probability on a finite set as a CAES. 

Let W = {w1, …, wn} be a finite partition and  

let I be a domain of favorable investments I = {I1, I2, I3, … } where  

each investment scheme pays a determinate, non-negative dollar return  

Ii(wj) = xij ³ 0, as a function of w.   

Define concatenation as I1 Å I2 = I3 where x3j = x1j + x2j, j = 1, …, n.  

Let ≽ be a binary preference relation between such favorable investments. 

Application1: With a simple change to Axiom4 to include the constant I0 = 0, by 
Theorem1 –  If this system is a CAES over I, then there exists a unique regular 
probability P on W, P(wj) > 0, and where preference is represented by expected 
value:         g(Ii) = åj P(wj)xij. 

 

Let Æ ¹ E Í W.  Then, in the usual fashion, ≽E, called-off preference given E, 

suffices to define the conditional probability, P(× | E). 
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Non-standard probability on W as a RECES 

 

Application2: Drop the Archimedean Axiom5 from Application1.   

Then by Theorem2, preference is a RECES that is represented through 

*g by a non-standard probability *P with non-standard expected value, 

and non-standard, conditional expected value. 
 

Imprecise real-valued Probability for CAES 

Application3: Modify the ordering Axiom1 in Application1, so that strict 

preference is a strict partial order, ≻. (See SSK, 1990.)     

Then a corollary to Theorem1 is real-valued, regular IP theory: a convex set of 
regular probabilities represents ≻	and ≻E with the E-admissibility decision rule.  
 
• But this bypasses the 2 challenges by requiring sets of regular, real-valued probabilities. 
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Imprecise non-standard *Probability for RECES 

 

Application4: Continue Application3 by dropping the Archimedean Axiom5.   

A corollary to Theorem2 is non-standard *IP theory, where a convex set 

of non-standard probabilities and non-standard conditional 

probabilities represent strict preference and strict called-off preference 

using a non-standard version of E-admissibility. 

 

• Since this decision theory is generated by a binary, strict-preference 

relation, we remain tied to representations with convex sets of 

*Probabilities. 
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Imprecise non-standard *Probability for  

Radically Elementary Choice Functions  [RECF] 

 

Application5: Continue Application4.  Replace modified Axiom1 where 

preference is a strict partial order, with choice-function Axioms 1a and 1b 

from [SSK, 2010] in the theory of coherent choice functions. 

Axiom 1a (Sen’s Property a): You can’t promote an inadmissible option to  
an admissible option by adding options to the menu. 

Axiom 1b (Aizerman’s condition)   You can’t promote an inadmissible  
option to an admissible option by deleting inadmissible options. 

• Conjecture:  This RECF structure characterizes all *IP sets of non-

standard probabilities on the finite set W.	
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Summary 

I motivated non-standard probability / non-standard expected utility in the 
precise case by contrasting three approaches and two old challenges 
relating to P-null events. 
 
Approach #1 – Full Conditional Probability (Dubins, 1975) / Expected Utility 

Approach #2 – Lexicographic Probability / Lex. Expected Value  (Blume et al., 1991) 

Approach #3 – Non-standard Probability / Expected Utility  

 based on non-Archimedean Extensive Measurement (Narens, 1974) 

The two old challenges were: 
(1) Sustain a symmetric probabilistic relation of relevance/irrelevance. 

(2) Allow preference to respect admissibility / strict-dominance.  

 

• Only Approach #3 meets both challenges. 
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I concluded by sketching an operational treatment for Approach #3 using 

L.Narens (1974) results for non-Archimedean Extensive Measurement 

Structures. 

 

Narens’ technique directly supports a precise non-standard probability / 

expected utility theory. 

 

Then I noted how to adapt some of our ideas for Imprecise Probabilities 

to generalize from the precise to the imprecise non-standard case using 

(as the decision rule) Levi’s E-admissibility criterion. 

 
 

 



Motivating	Non-standard	IP	theory	–	Columbia	Univ.	Workshop,	April	8,	2017	 24	

References 
Blume, L. Brandenburger, A., and Dekel, E. (1991), Lexicographic Probabilities and Choice  

Under Uncertainty. Econometrica 59: 61-79. 
Cozman, F. (2012) Sets of probability distributions, independence, and convexity.   

Synthese 186: 577–600. 
de Finetti, B. (1974) Theory of Probability, vol. 1, John Wiley. 
Dubins, L. (1975) Finitely Additive Conditional Probabilities, Conglomerability and  

Disintegrations. Ann. Prob. 3: 89-99.ss 
Fishburn, P. & LaValle, I. (1998) Subjective expected lexicographic utility Ann.OR 80:183-206. 
Hausner, M. (1954) Multidimensional utilities, in Decision Processes (R.M.Thrall et al., eds.)  

John Wiley: 167-180. 
Krantz, Luce, Suppes, and Tversky (1971) Foundations of Measurement, Academic Press. 
Levi, I. (1980) Enterprise of Knowledge, MIT Press 
Narens, L. (1974) Measurement without Archimedean Axioms. Phil. Sci. 41: 374-393. 
Nelson, E. (1987) Radically Elementary Probability Theory. Princeton U. Press. 
Seidenfeld, Schervish, and Kadane (1990) Decisions without Ordering. In Sieg (ed.) Acting and  

Reflecting. Kluwer Academic: 143-170. 
Seidenfeld, Schervish, and Kadane (2010) Coherent Choice Functions under Uncertainty.  

Synthese 172: 157-176. 
Shimony, A. (1955) Coherence and the Axioms of Confirmation. J. Symbolic Logic 20: 1-28.  
Wald, A. (1950) Statistical Decision Functions. John Wiley. 


